Lecture IlI: Review of Classic Quadratic Variation
Results and Relevance to Statistical Inference in
Finance
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Outline

I Refresher on Some Unique Properties of
Brownian Motion

I Stochastic Integration and Quadratic
Variation of SDEs

111 Demonstration of How Results Help
Understand "Realized Variation” Discretization
Error and ldea Behind “Two Scale Realized
Volatility Estimator”
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Part |

Refresher on Some Unique
Properties of Brownian Motion
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Outline

For Items I & 11 Draw Heavily from:

Protter, P. (2004) Stochastic Integration and Differential

Equations, Springer-Verlag, Berlin.
Steele, J.M. (2001) Stochastic Calculus and Financial

Applications, Springer, New York.

For Item 111 Highlight Results from:

Barndorff-Nielsen, O. & Shepard, N. (2003) Bernoulli 9 243-265.
Zhang, L.. Mykland, P. & Ait-Sahalia,Y. (2005) JASA 100 1394-1411.
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Assuming Some Basic Familiarity
with Brownian Motion (B.M.)

 Stationary Independent Increments

* Increments are Gaussian Bt — BS ~ N(O, t — S)

e Paths are Continuous but “Rough” / “Jittery”
(Not Classically Differentiable)

e Paths are of Infinite Variation so “Funny” Integrals Used in
Stochastic Integration, e.g. ¢

{BSdBS — (B2 —t)
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Assuming Some Basic Familiarity
with Brownian Motion (B.M.)

The Material in Parts | and Il are “Classic”
Fundamental & Established Results but Set the
Stage to Understand Basics in Part Ill.

The References Listed at the Beginning Provide
a Detailed Mathematical Account of the Material
| Summarize Briefly Here.
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A Classic Result Worth Reflecting On
N

lim Z(Btz o Bti—l)Q =1

N — 00 i—1

T Implies Something Not
t Pl Intuitive to Many Unfamiliar
v N with Brownian Motion ...
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Discretely Sampled Brownian Motion Paths
2_

Fix Terminal Time, “T”
and Refine Mesh by
16- Increasing “N”.

1.8¢

1.4}
shiftiCto 1.2
Zero if |
“Standard 1
Brownian :
Motion” §
Desired ~ 0-8

0 -

| t |
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Discretely Sampled Brownian Motion Paths
2_

1.8¢
1.6¢

1.4f

1.2,
1¥
0.8

0

Fix Terminal Time, “T” — %
and Reflne Mesh by - . T
Increasing “N”. i =N

Suppose You are Interested in Limit of:

:::ik(t)

. Z(Btz o Bti—1>2
=1

k(t) = max{i:t; 11 <t}
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Different Paths, Same Limit
k(1)

lim Z (Btz o Bti—1)2 =1

2 N—o00 ;

1=1
1.8¢ .
[ Proof Sketched on Board]

1.6+
1.4 Bi(wn)
1.2 ? /V/\"’”\ ’M/\/\

1 WW\V‘/ Bi(wo)
0.8r

o 1I

t
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Different Paths, Same Limit
k(1)

lim Z (Btz o Bti—1)2 =1

27 N —o00 i—1
1.8¢ L
[ Proof Sketched on Boardl
1.6/
14l Bi;(w;) Compare To
' Central Limit
1-21\/‘ M’”\’\/\/\ Theorem for “Nice”
\ | iid Random
1y w .
W\V"' Bi(w2)  vsariables.
0.8t
o 1
[ t |
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D]i\I;ferent Paths, Same Limit

lim
N—>o<é

1.8

1.6

1.4¢

1.2

¥

0.8

0]

S (Bi, — By, ,)* = lim E Y,=T

s—1 N-)OO

Compare/Contrast to Properly Centered and

Scaled Sum of “Nice” i1d Random Variables:
N

Bi(w) > (6(wi)—p)

J\/\W\W’/A/\V\/\ Sy = = VN

Br(wz) Sn £ N(0,02)

llllllllll
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Continuity In Time

N
lim > (By, — B, ,)* = lim Z Y,=T
N_MXQ‘L':]_ N — 00 i—1
1.8/ Above is “Degenerate” but Note Time Scaling
Used in Our Previous Example Makes Infinite
1.6/ Sum Along a Path Seem Similar to
1.4/ Computing Variance of Independent RV’s
1y N\AM"\VJ SN = V' N
. L
| Sy = N(0,0%)
0 1
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B.M. Paths Do Not Have Finite
Variation

Let 0 <t < T
={0<tu <...; <...<t, =t}

lim max(t;11 —t;) =0

n—oo 1<n

P = All Finite Partitionsof |0, ]
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B.M. Paths Do Not Have Finite
Variation

V[O,t] (w) — Sup Z |Btfi,—|—1

TePt;enm
Suppose That: P(V[O,t] < OQ) > ()

Then: N
t = lim Z(Bt —Bt )

N—)OOZ 1

< lim Sup ‘Bt —Bt _1‘ Z ‘Bt —Bt

’Ll‘
1=
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B.M. Paths Do Not Have Finite

Variation
N
t = lim Z(Btz o Bti—l)z
N — o0 i=1

i1l

N
< lim sup |By, — B, ,| ) |Bt, — B
i=1

< lim SUp ‘Btz _Btz’—l‘v[o,t] t >0, s0

- N—ooteny Ve Probability of
Tends to Zero Due to Finite Variation

=0 a.s. uniform continuity of Must be Zero
B.M. Paths
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Part ||

Stochastic Integration and
Quadratic Variation of SDES
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Stochastic Integration
P(V[())t] < OO) =

t t
X(w,t) = /b(w, s)ds + /U(w, s)d B
0 0
“Finite Variation Term” “Infinite Variation Term
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Stochastic Integration
P(V[())ﬂ < OO) =

X (w,t) = j b(w, 5)ds + j o(w, s)dB,

0 0

Infinite Variation Term Complicates
Interpretting Limit as Lebesgue Integral

Z O-(th; (Btz)) ‘Bti—|—1 o Bti
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Stochastic Differential Equations

(SDES)
t t

X (w, 1) = / b(w, 5)ds + / o (w, s)dB,

Written in Abbreviated Form:

dX (w,t) = blw,t)dt + o(w, t)dB;
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Stochastic Differential Equations
Driven by B.M.

dX (w,t) = b(w,t)dt + o(w,t)dBy
\/

Adapted and Measurable Processes

dXt — btdt -+ O'tdBt

| will use this shorthand for the above (which is
itself shorthand for stochastic integrals...)
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Stochastic Differential Equations
Driven by B.M.

CZXt — btdt -+ O'tdBt

(reneral Ito Process

dXt — b(Xt, t)dt -+ O'(Xt, t)dBt

Diffusion Process

Repackaging Brownian Motion
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Quadratic Variation for General
SDES (gump Processes Readily Handled)

N

E (th o th’—l )2
1=1

“Realized Variation”

RV, (t)

Quadratic Variation: Defined if the limit taken over
any partition exists with the mesh going to zero.

:={ Vi}
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Stochastic Integration
t t

Y(w,t) = [ b(w,s)ds+ | o'(w,s)dX

0 0

“Finite Variation Term” Infinite Variation Term

Quadratic Variation of “X” Can Be Used to
Define Other SDEs (A “Good Stochastic
Integrator”)
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Quadratic Variation Comes Entirely

From Stochastic Integral
t t

X (w, 1) = / b(w, 5)ds + / o (w, s)dB,

l.e. the drift (or term Iin front of “ds” makes)
no contribution to the quadratic variation

[quick sketch of proof on board]
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Stochastic Integration
P(V[ t] < OO
t

X(w,t) = /wsds+/aws

Inhmte Variation Term” Can N(m Be
Dealt With If One Uses Q. V.

Z U(Xti (thz)) ‘Btiﬂ
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Quadratic Variation and “Volatility”
t t

Xt:/b8d8+/USdBS

0 0

Typical Notation for QV t

X, X, =V, = /O’?dt
0
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Quadratic Variation and “Volatility”

For Diffusions +

X, X, =V, / o= dt

More Generally for Semlmartlngales
(Includes Jump Processes)

X, X, = X2—2 X, dX,
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Part |l

Demonstration of How Results Help
Understand "Realized Variation”
Discretization Error and ldea Behind “Two
Scale Realized Volatility Estimator”
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Most People and Institutions Don't
Sample Functions (Discrete

Observations)
N
RVT"N (t) = Z(th o th’—l)Z
1=1

Assuming Process is a Genuine Diffusion, How
Far is Finite N Approximation From Limit?

[X7X]t
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Discretization Errors and Their
Limit Distributions

t
NY2(RV, (t) — [X,X]:)|or S N(0,C [0
0)

2ds)

S

Paper Below Derived Explicit Expressions for
Variance for Fairly General SDEs Driven by B.M.

Barndorff-Nielsen, O. & Shepard, N. (2003) Bernoulli 9 243-265.
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Discretization Errors and Their
Limit Distributions

t
NY2(RV, (t) — [X,X]:)|or S N(0,C [0
0)

2ds)

S

Their paper goes over some nice classic moment
generating function results for wide class of spot
volatility processes (and proves things beyond QV)

Barndorff-Nielsen, O. & Shepard, N. (2003) Bernoulli 9 243-265.
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Discretization Errors and Their

Limit Distributions

g =L
One Condition That They Assume: N

N
lim §1/2 0% —0F
lim 672 3" jo? 5 — o,

= (

Barndorff-Nielsen, O. & Shepard, N. (2003) Bernoulli 9 243-265.
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Discretization Errors and Their
Limit Distributions 5

Good for Many Stochastic Volatility Models ... BUT
Some Exceptions are Easy to Find (See Board)

N
lim §1/2 0% < —0?F
lim 672 3" jo? 5 — o,

R
N

= (

Barndorff-Nielsen, O. & Shepard, N. (2003) Bernoulli 9 243-265.
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What Happens When One Has to
Deal with “Imperfect” Data?

Suppose “Price” Process Is Not Directly
Observed But Instead One Has:

ytz’ — th + €;

Zhang, L.. Mykland, P. & Ait-Sahalia,Y. (2005) JASA 100 1394-1411.
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What Happens When One Has to
Deal with “Imperfect” Data?

Due to Fact that Real World Data Does
Not Adhere to Strict Mathematical
Definition of a Diffusion

ytz’ — th + €;

Zhang, L.. Mykland, P. & Ait-Sahalia,Y. (2005) JASA 100 1394-1411.
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What Happens When One Has to
Deal with “Imperfect” Data?
Y, = X, T €
If “observation noise” sequence is i.i.d. (and

Independent of X) and it is very easy to see problem of
estimating quadratic variation (see demostration on

board).

Zhang, L.. Mykland, P. & Ait-Sahalia,Y. (2005) JASA 100 1394-1411.
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What Happens When One Has to
Deal with “Imperfect” Data?

ytz‘ — th + €;

If “observation noise” sequence is i.i.d. (and
Independent of X) and it is very easy to see problem
of estimating quadratic variation (see demostration
on board). Surprisingly These Stringent Assumption
Model Many Real World Data Sets (e.g. See Results

from Lecture 1)

Zhang, L.. Mykland, P. & Ait-Sahalia,Y. (2005) JASA 100 1394-1411.
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Simple Case “Blas” Estimate

Compute Realized Variation of Y and Divide by 2N
Then Obtain (Biased) Estimate by Subsampling

Finally Aggregate Subsample Estimates and
Remove Bias

Zhang, L.. Mykland, P. & Ait-Sahalia,Y. (2005) JASA 100 1394-1411.
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Simple Case “Bias Corrected” Estimate

A

av all
X, X]p = [V, V]38 — Ney, y )3

Result Based on “Subsampling”

Zhang, L.. Mykland, P. & Ait-Sahalia,Y. (2005) JASA 100 1394-1411.
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Chasing A (Time Series) Dream

Obtaining a “Consistent” Estimate with Asymptotic Error Bounds

NYS([X, X - [X, X]7)|or 5 N(O, C1 (VAR(e))? + C, fa;lds)

Result Above Valid for Simple Observation Noise but
Results (by Authors Below) Have Been Extended to
Situations More General Than iid Case.

Zhang, L.. Mykland, P. & Ait-Sahalia,Y. (2005) JASA 100 1394-1411.
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DNA Melting

b A B o " b '._.".: :
II. L8 l. ) ..u 1‘1: I i .ullul K |‘-l .
1 \ ] ".l oo ] F Y,
wf P s 5 : ' % =

Force Force

Tensions Important in Fundamental Life Processes Such As:
DNA Repair and DNA Transcription

Single-Molecule Experiments Not Just a Neat Toy:

They Have Provided Insights Bulk Methods Cannot
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Time Dependent Diffusions

Stochastic Differential Equation (SDE):
dzy = b(2z¢,t;0)dt 4+ o(2z¢; ©O)dW;

/7 N
Yt. = Z¢, It €, 1 “Measurement” Noise
~_7

For Frequently Sampled Single-Molecule Experimental
Data, “Physically Uninteresting Measurement Noise” Can

Be Large Component of Signal. 3 _
“Transition Density” /

Find/Approximate: D (Zta ‘ys§ @) SZQS{@O”&' Probabiit
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A Word from the Wise (Lucien Le Cam)

e Basic Principle 0: Don’t trust any principle

e Principle 1: Have clear in your mind what it is you want
to estimate

* Principle 4: If satisfied that everything is in order, try first
a crude but reliable procedure to locate the general area
your parameters lie.

* Principle 5: Having localized yourself by (4), refine the
estimate using some of your theoretical assumptions,
being careful all the while not to undo what you did in (4).

Le Cam L.. (1990) International Statistics Review 58 153-171.
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Example of Relevance of Going Beyond iid Setting

Watching Process at Too
4 Fine of Resolution Allows
“Messy” Detalls to Be
Statistically Detectable

Calderon, J. Chem. Phys. (2007).
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Example of Relevance of Going Beyond iid Setting
r=X,—E"%[X,|X,_1]

1

0.2

1

0.15¢

T

0.1

0.05

AC
S

-0.05

T

-0.1

-0.15 |

-0.2

0) 10 20 30 40
Lag

Calderon, J. Chem. Phys. (2007).
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Lecture IV: A Selected Review of Some Recent
Goodness-of-Fit Tests Applicable to Levy Processes

Christopher P. Calderon
Rice University / Numerica Corporation

Research Scientist

Chris Calderon, PASI, Lecture 3



Outline

I Compare iid Goodness of Fit Problem to Time
Series Case

Il Review a Classic Result Often Attributed to
Rosenblatt (The Probability Integral Transform)

111 Highlight Hong and Li’'s “Omnibus” Test

IV Demonstrate Utility and Discuss Some
Other Recent Approaches and Open Problems
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Outline

Primary References (Iltem 11 & I11):

Diebold, F. Hahn J., & Tay, A. (1999) Review of
Economics and Statistics 81 661-663.

Hong, Y. and Li, H. (2005) Review of Financial Studies 18
37-84.
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Goodness-of-Fit Issues .

0.4

0.35f

True and

]l

0.05f

Density
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Goodness-of-Fit iIn Random Variable
Case (No Time Evolution)

1-
0.9r

0.8

0.7

0.6

X o5t
£ 05

0.4r

0.3r

0.2

0.1

0
-5
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Goodness-of-Fit Issues

0.4

0.4

0.35 0.35
0.3 03
0.25 0.25
< 0.2 % 0.2
0.15 015
0.1 o1
0.05 0.05
9% o
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Goodness-of-Fit iIn Random Variable
Timeom ion)

.35F B

0.3r ]

0.25- b

p(x)

0.2r B

p(x)

0.15f “m

/

0.1r b

0.05- b

0.9r

0.7

0.6

0.4r

0.3r

0.1r

15
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Goodness-of-Fit In Time Series

0.9 Note:
o Truth and approximate
> distribution changing with
0.6 . .
- (known) time index
\S/O.S
0.4
0.3 . " 7 "
Time series only get “one
o2 sample from each
. , evolving distribution
£)5 - (5 é 110 1}5
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Time Series: Residual and Extensions

TiEXZ'—

*j:é [Xz‘X—l]

Problem with Using Low Order
Correlation Shown In Lecture 2.

Can we Make Use of All Moments?
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Time Series: Residual and Extensions

T, = Xz — *j:é[Xi‘X'_l]

Problem with Using Low Order
Correlation Shown In Lecture 2.

Can we Make Use of All Moments?

YES. With the Probabillity Integral X,
Transform (PIT) /i = f p(X|X;_1;00)dX

Also Called Generalized Residuals ~

Chris Calderon, PASI, Lecture 3



Test the Model Against Observed Data

O

(X1, Xay. . Xy

Time Series (Noisy, Correlated,
and Possibly Nonstatlonary)

L = G(XZ,XZ_l,é’)

Probablllty Integral Transform / Rosenblatt
" Transform /*Generalized Residual”

|f Assumgél Model Correct, Residuals
.1.d. With’ Known Distribution:: Formulate Test Statistic::

Zi ~ U[0,1] e Q=H({Z1,25,... Zr})
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Simple lllustration of PIT

[Specialized to Markov Dynamics]
Start time series random variables characterized by : X, ~ P(X,|Xn-1)

Introduce (strictly increasing) transformation: Z, = h(Xy;0)
Transformation introduces “new” R.V. => New distribution Z, ~ F(Z,|Z,-1;0)

“Truth” density in “X” (NOTE: no parameter) P(Xn|X,-1) = dp()i&fn_l)

X,
PIT transformation:  Z,, = h(X,,) := [ f(X'|Xp-1;0)dX’

Want expression for “new” density in terms of “Z”
Monotone

dF (Zn|Zn—1:9) — dP(Xn|Xn-1) dX, Function of X
dZ'n an dZ,n/'

_ dP(Xn|Xn-1) 1 __ 1 e
%, gz = Pl Xnm) s = !

Chris Calderon, PASI, Lecture 3



QU) = (AN = )M(5) — hA®) /v

Location (Depends on \
Bandwidth)
Scale
1 1
2
E// gj 21,22 ) ledZQ.
O O
1 N
gj(21,22) = Z K ( zl, Kh(ZQ,Z ).
T=7+1
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Q) = (v = R na”) Vg
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Stationary Time Series [No Time Dependent Forcing]
—0.8¢
—0.9¢

4l
-1.1¢
>-1.2

Sal |

-1.4r

-1.5¢
-1.6¢

_17 | | | | ]
0 0.2 0.4 0.6 0.8 1
Time [ns]
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a M | ) W ‘M* \J MMM

Stationary Time Series?







Dynamic Rules “Changing” Over Time

’WHM

|

)
\‘u ,‘

lf

-0.8 (Simple 1D SDE Parameters “Evolvi

*W’ W

i

il ﬂ'

0.4 0.6
Time [ns]

ng” )



“Subtle” Coupling

- Calderon, J. Phys. Chem. B (2010).

10F
8,
(B) -0.4r < ¢ (E) —0.4
A+
-0.6r / -0.6
2,
-0.8F 0 | | | | |
0 0.2 0.4 0.6 0.8 1
: Time [ns]
=
—1 2:,,:

I\II i
—1 .4 l.H-ﬂ I:I'I":I‘.'I: rll [ :l]'l. ' I.|I | !
| TR

16+ !

-1.8

Time [ns]
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Estimate “Simple” SDE in Local

Time Window. Then Apply
Hypothe5|s Tests To Quantify

g & m % ~ «w w

‘W"’ W "v l‘ J“ M

(A + B®y)dt + (C + Ddy)dW,

0.4 0.6
Time [ns]



Estimate Model in Window “0"; Keep
Fixed and Apply to Other Windows

0.4- e N LI
Window # 0 Case 1A

0.3 — Window # 2 Case 1A
0.2- — Window # 6 Case 1A
—Window # 8 Case 1A
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Window 0 Window 2 Window 6 Window 8




Each Test Statistic Uses ONE Short Path

(A) 15

Calderon, J. Phys. Chem. B (2010).

0.9
0.8+
0.7
0.6+
g 0.51
0.4+
0.3
0.2

0.11

— Null

Window # 0 Case 1A
— Window # 2 Case 1A
— Window # 6 Case 1A
—Window # 8 Case 1A

0 .
4 -2
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Stationary Time Series?

Subtle Noise Magnitude Changes due Unresolved
Degrees of Freedom (Check Validity of a “Born-Oppenheimer” Type Proxy)

(B) 0.4
—0.6F
08 P, = ( o, )dt + ( o) dW,
“1F
> I | |
_1 -2 L ] 1" 1 '.-_ 'r | .I"' f |-| | ll.I .: |I1'i| | Il|-| || | '|h| _l' I..I - |II
it T J"I' m 'I‘ ry 1y i I-I ':‘l' T |,l
":r '-'Irl 'II I’"'I' " “ :.1| I|i IJ"I"'I[ |I | l. | I I'I.' |I I.'”Il-“" " I'liI" : I':: II.T 'l .-r f
|':I:'| 1|.-"|r||'J'L{ 4':|}J- -I"::' r'll JJ:I :,::."Jl .,"" :II ' I”’f Irﬂ.l_l.I; Jﬁ:fr‘ 1 1I" 'IH:- ||"-.~:I I|.I '::,: - |.F+|I+|| r'.. ﬁj'rf‘;i:lrr
_ ; I.,. P [ T ol i Iu 0 T AN il
1.4 ':: :ll|||r'| il :: 'I||r I|.I II II|' :I'!“ .Illlll_ I'.|I'|',|r I"'? :Illlttl;.l-.[ IJ.|,||‘I'| f.}" ..IF"!:‘hlllr'lL I:I}It:l
| ,:-I ."' IRl [ .}: . lllnr L g ' ,I'|: ,| \ I Ik .: "r| ,;
-1.6F | L ' | " "
—1.8 ! ' | ' '
0 0.2 0.4 0.6 0.8 1
Time [ns]

|
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Stationary Time Series?

Subtle Noise Magnitude Changes due Unresolved
Degrees of Freedom (Check Validity of a “Born-Oppenheimer” Type Proxy)

(A) 12

10r

B_

0

0

Evolving “X” Influences Hi

(B) —0.4

-1.4

04 0.6 0.8
Time [ns]

0.2

0.6+

—0.8f

16

-1.8
0

gher Order Moments of “Y”

] 1I| | I
B N I"lliI I||| { & | I|
TR A Tl b £ R i T il !|-I-" MOowll | b el | I|I
A ET :-Il.‘I o § e B b | s, A LIy i JF "'I".'I
ll'lljfl-'ﬂ!';.'_ I ;I "'Il"u!:.:rllg”k Wiyl S L i L B ':-':I 'm’. 1]:'-.."1_;",:'\-'['.'}-; ";;'_[“E-'-"III-:JHTJ.',;li'h
g Bt VR A T e A
il i :‘-*‘a.-la,f -‘m‘r', 'E_l;.-J-:' .;,.':f*;"l.':"}"'!:"."tr.u,}\:- bl
gl ol ATFUSA Lk L
| i .:' :|.': 5 II Y .| ] '.-:l' l: .‘ i

04 0.6
Time [ns]

|
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Stationary Time Series?

Subtle Noise Magnitude Changes due Unresolved

Degrees of Freedom (Check Validity of a “Born-Oppenheimer” Type Proxy)
(C) 0.05;

0.0251

Y= Yt
o

—0.025F

- ‘X llhyqi l,' (“M.

—0.05 : : : : ;
0 0.2 0.4 0.6 0.8 1
Time [ns]
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1.2k
1.4

16k

-1.8

Estimate “Simple” SDE in Local
Time Window. Then Apply
Hypothesis Tests To Quantify
Time of Validity
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(B) Wandow 0  Window 2 Window 6  Window 8
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“Subtle” Noise Magnitude Changes
Calderon, J. Phys. Chem. B (2010).

(C) 17
0.9
0.8
0.7 -
0.6
Cos
L el b L1
0.4 Window # 0 Case 2A
0.3. —Window # 2 Case 2A
—Window # 6 Case 2A
0.2- ——Window # 8 Case 2A
0.1
[] I I I |
_4 6 8 10 12
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Freguentist vs. Bayesian Approaches

- Concept of “Residual” Unnatural in Bayesian Setting.

All Information Condensed into Posterior (Time Residual
Can Help in Non-ergodic Settings)

e Uncertainty Information Available in Both Under Ideal

Models with Heavy Computation (Bayesian Methods Need
“Prior” Specification)

e Test Against Many Alternatives in a Frequentist
Setting (Instead of a Handful of Candidate Models as
IS Done in Bayesian Methods)
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Several Issues

Evaluate Z at Estimated Parameter (Their Limit
Distribution Requires Root N Consistent Estimator to Get
[Asymptotic ] Critical Values)

Asymptopia is a Strange Place [Multiplying by Infinity Can
Be Dangerous When Numerical Proxies are Involved]

In Nonstationary Case, Initial Condition Distribution May
Be Important but Often Unknown.
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Testing Surrogate Models

Hong & Li, Rev. Financial Studies, 18 (2005). Chen, S, Leung, D. & Qin,J., Annals of Statistics, 36
(2008). Ait-Sahalia, Fan, Peng, JASA (in press) Calderon & Arora, J. Chemical Theory &
Computation 51(2009).

0.9

0.8+
0.7 -
0.6+
Sos
0.4+
0.3+
0.2+
0.1+

—4 I 5 I I I 8 1IO
One Times Series Reduces to One Test Statistic. Empirical
CDF Summarizes Results from 100 Time Series
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A Sketch of Local to Global
or

Fitting Nonlinear SDEs Without A
Priori Knolwedge of Global
Parametric Model
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Local Time Dependent Diffusion Models

Calderon, J. Chem. Phys. 126 (2007).

dzy = b(2z¢,t;,0)dt 4+ o(2z¢; ©)dW;

Approximate Locally by Low Order Pciynomials, e.g.
b(z) ~A + Bz + f(t)
o(z) ~C + Dz

Can use Physics-based Proxies e.g. Overdamped Langevin Dynamics

o(z) ~C+ Dz
b(z) ~(C + Dz)*/(2kgT)(A + Bz + f(t))
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Maximum Likelihood

For given model & discrete observations,
find the maximum likelihood estimate:

0 = maxy p(zg,...,27; 0)
Special case of Markovian Dynamics:

) = maxy p(20;0)p(21|20;0) ... p(zr|2r_1;0)
/

“Transition Density” (aka Conditional Probability Density)
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After Estimating Acceptable (ot Rejected)
Local Models, What’s Next?

e Quality of Data: “Variance” (MC
Simulation in Local Windows)

 Then Global Fit (Nonlinear Regression)
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Note: Noise Magnitude Depends on State

And the State is Evolving in a Non-Stationary Fashion

Z (State Space)

State Dependent
———Noise Would
“Fool” Wavelet
Type Methods

0 0.25 0.5 0.75 1
Time

dZt — k(vpullt — Zt)dt —+ O'(Zt)th
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Note: Noise Magnitude Depends on State

And the State is Evolving in a Non-Stationary Fashion

Z (State Space)

2 T

0 0.25 0.5 0.75 1 0 05 1 15 5

_ Z (State Space)
Time
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Note: Noise Magnitude Depends on State

And the State is Evolving in a Non-Stationary Fashion

2 :

2k
©
&) 1.5+
(M 1.5} 1., ™
o
0N N 1
g 1 ~—
= o
(\D./ 0.5F 1 0.5¢
N

0 ‘ ‘

o

0.25 0.5 0.75 1 0 05 1 15 5
_ \ Z (State Space)
Time . .
Local Time Window
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Corresponding State Window

/

2t 21
N
(D)
&)
g 1.5¢ | ;/5 \
A J
g 1 1t o
qv]
-
V)
~~ 0.5r 0.5} ]
N / \ \
0 | | |
0 0.25 0.5 0.75 1 0

Time  Local Time WindowU(Z)
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Global Nonlinear Function of Interest (the “truth”)
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1r (@)
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Point Estimate Comes From Local Parametric Model
(Parametric Likelihood Inference Tools Available)

A\

2 2t

~~

()]

()

M 1.5t 1.5¢

(@

) \

g 1 1 (o)

qv]

e

)]

~— 0.5r b 0.5} ]

N / \
0 ‘ ‘ : ‘ ‘

0 0.25 0.5 0.75 1 0

o(2)
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Point Estimate Comes From Local Parametric Model
(Parametric Likelihood Inference Tools Available)

N

=
ol

“~q(z) = C+ D(z — 2°)

Z (State Space)

0

0 0.25 0.5

Time

0.75

L
~ \
~
~
1.5 ~
~
) O o

1.5
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Maximum Likelihood

For given model & discrete observations,
find the maximum likelihood estimate:

0 = maxy p(zg,...,27; 0)
Special case of Markovian Dynamics:

) = maxy p(20;0)p(21|20;0) ... p(zr|2r_1;0)
/

“Transition Density” (aka Conditional Probability Density)
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Noisy Point Estimates (finite discrete time series sample

uncertainty) O'(Z) ~ () e D(Z . ZO)

2 2 2
115 \ 115 \
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D

Ce\

=
ol

_ 70

—
T
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Time
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0 L L L
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Spatial Derivative of Function of Interest
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ldea Similar in spiritto J. Fan, Y. Fan, J. Jiang, JASA 102
(2007) except uses fully parametric MLE (no local kernels)
In discrete local state windows

N

JUI T

=
ol

Z (State Space)

From Pzﬁth to Point =

\/\/ | ™
O 1 I I

0 0.25 0.5 0.75 1 0 l l
Time O ( Z )
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HOWEVER: Not Willing To Assume Stationarity in Windows.
(Completely Nonparametric and Fourier Analysis
Problematic). “Subject Specific Function Variability” of Interest

1.5 1 5

) | W a

,G-)\ \

&)

(M 1.5f 1 1.5t

o

)

g 1 1 (@)

Q

N

~— 0.5} 1 o5l ]
0o 0.25 0.5 0.75 1 02 0 0
Validity of Local Models Can Be Tested Using

o(Z)

Generalized Residuals Available Using Transition
Density with Local Parametric Approach
Chris Calderon, PASI, Lecture 3




Function of |pt%resk Noisy Point
Estimates

Transform

“Xvst’Datato

o 25! I "X vs Y=F(X)”

(D)
E o) ‘ 1 Estimate
— -

. % Nonlinear

| ZOE_?} Function via

°°Z (Staté Space) - Regression

Chris Calderon, PASI, Lecture 3




] Spatial Derivaijve
N = Interest
Q 2 v
N ‘1.5
~ . “llll“::-
S o o e s SPTTLL
CQ O-S\Q—l—"‘?':: IIIIIIIIIIIIIIIIIIIIIIIIII
% 0.5 1 1= 5
© | ‘
0.25

| o' RYi§S B Sint

Estimates

“X vs t” Data to

"X vs Y'=G(X)”

Estimate
Nonlinear

) 7"Z (State Space)

2

Function via
Regression
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(2)
1 Use Noisy
of | Diffusive Path
° — P to Infer
o.25 Regression
Gg’ . Data
|_
© °°Z (Staté Space) -
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Same ldeas Apply to Drift Function:

{va 1217 B}%zl

{Zm7 1217 E? éa ﬁ}%:l
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ol Function of Interest

0 °s 7 (State Space)*

Spline
Function
Estimate

| o

do(z) M

:{zm,a(zm), dz ‘zm m=1

Variability of Between
Different Functions
Gives Information About
Unresolved Degrees of
Freedom Reliable
Means for Patching
Windowed Estimates
Together is Desirable

Chris Calderon, PASI, Lecture 3



Open Mathematical Questions for
Local SDE Inference

How Can One Efficiently Choose “Optimal” Local
Window Sizes” ?

Hypothesis Tests Checking Markovian Assumption with
Non-Stationary Data? (“Omnibus” goodness-of-fit tests
of Hong and Li [2005] based on probability integral
transform currently employed)
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Gramicidin A: Commonly Studied Benchmark
36, Atom Molecular Dvpamics l ulation

Potassium Explicitly

lon Modeled
Water
Molecules

Explicitly

Modeled

Lipid B Gramicidin A

Molecules (St e Protein

Compute‘Work: Integrat of “Force time Distance”
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W [KT]

S0

40+

PMF and Non -equilibrium Work

SD

Molecu_lar Traj ectory
Dynamics “Tube ;"

Trajectory i

_Nonergodic Sampling:

Pulling “Too Fast”

¥ Conformation Initial

Condition (variability
between curves)

“Thermal” Noise (solvent

Bombardment, Vibrational Motion, etc.
guantified by tube width)

1
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W [KT]

PMF and Non-equilibrium Work

50
Molecular

a0l Dynamics

30t
207

101

Trajectory i’

SDE
Trajectory

-10

0.8

Distribution at
1S
non-Gaussian
and can be
viewed as
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Importance of Tube Variablility

Mixture of Distributions
0.3- (1%

Conformational

Chris Calderon, PASI, Lecture 3



Other Kinetic Issues
Diffusion Coefficient / Effective Friction State Depeg%ent

NOTE: Noise
Intensity
Differs in the
Two Sets of
Trajectories

"Orthorgonal DOF"
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PMF and Non-equilibrium Work

Molecular Dynamics Molecular
Trajectory “Tube i” Dynamics SD'_E
| Trajectory “j” Trajectory
s, [€ach tube starts with same ¢ “Tube j”

g’s but different p’s|

3.00 2.25 1.50 0.75 0.00 3.00 2.25 1.50 0.75 0
AA] A[A]
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PathW|se View

Ensemble Averaging
Problematic Due to
Nonergodic /
Nonstationary Sampling

Collection of Models
Another Way of
Accounting for “Memory”

O 02 04 06 08 1
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Potentlal of Mean Force Surface

Hummer & Szabo, PNAS 98 (2001).

10- Minh & Adib, PRL 100 (2008). ]
= 5} : : -
= Several Ssues arise whe one attempts
iac: S imate
£y

0_ _

5t .

15 A0 -5 B s 10C 15
z [Al
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W [KT]

PMF and Non-equilibrium Work

50
Molecular

a0l Dynamics

30t
207

101

Trajectory i’

SDE
Trajectory

-10

0.8

Distribution at
1S
non-Gaussian
and can be
viewed as
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PMF of a “Good” Coordinate

Calderon, Janosi & Kosztin, J. Chem. Phys. 130 (2009).
PMF and PMFEs
Confidence Band / Computed

20r Computed Using .~ Using Umbrella

-

”~

15; Relaxing Nongg’
all-atom MD,

—15 —-10 -5
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Penalized Splines

(See Ruppert, Wand, Carroll's Text: Semiparametric Regression, Cambridge
University Press, 2003.)

Yy — {f(xl)v SRR f(il?m),ﬁf(ilﬁl), JEI ,8f(£l?m)} T €,

Observed or Inferred Data
Observation Error

K
Yi = Mo + MTi - NpT; + Z GiBj(x:),
j=1

Spline Basis with K<<m (tall and skinny design matrix)

“Fixed Effects”
“Random Effects” where [ = (7770
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Penalized Splines

(See Ruppert, Wand, Carroll's Text: Semiparametric Regression, Cambridge
University Press, 2003.)

y=1{f(71),- -, f(@m),0f (x1),...,0f(zm)} + €,
Observed or Inferred Data
y'_770+771$z- npp—|_Z<j

Spline Basis with K<<m (tall and sklnny design matrix)

ly — CBI3 + ol DB|3  where 8= (n,¢)

P-Spline Problem
(Flexible Penalty)
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Penalized Splines Using Derivative
Information

(1 T1...7) (k1 — 1) .. (kg — 1) \

m .- TP (k1 —zm)i .. (kx —zm)} 1

1 =z
0 1...pazﬁ)_1 p(m—ml)Jrl...p(/iK—a:l)ﬁ

\ \O 1...paBl p( - Tm)5 L p(RK — azm)ﬁ_1)

Poorly Conditioned Design Matrix

(PuDI ._
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Pick Smoothness: Solve Many
Least Squares Problems

|y — OBz + ol DAI3

P-Spline Problem
(Flexible Penalty)

Choose Oé with Cost Function (GCV). This object has
nice “mixed model” interpretation as ratio of observation
variance / random effects variance

a Selection Requires Traces and Residuals for
Each Candidate
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PSQR Penalized Splines using QR

(Calderon, Martinez, Carroll, Sorensen)

Allows Fast and Numerically Stable P-spline Results.
Exactly Rank Deficient “C” Can Be Treated

Can Process Many Batches of Curves (Facilitates
Solving Many GCV Type Optimization Problems).

Data Mining without User Intervention

(e.g. Closely Spaced and/or Overlapping Knots Are Not
Problematic)

Let Reqgularization Be Handled By Built In Smoothness
Penalty (Do Not Introduce Extra Numerical
Regularization Steps).
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Demmler Reinsch Basis Approach

(Popular Method For Efficiently Computing Smoothing Splines)

Forms Eigenbasis using Cholesky Factor of
ctc

Traces and Residuals for Each Candidate a
Can Easily be Obtained in Vectorized Fashion

Squaring a Matrix is Not a Good Idea (Subtle and
Dramatic Consequences)
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Avoid ad hoc Regularization

Analogous Existing Methods Do Not
Use Good Numerics

e.g. if C'1'C Cannot be Cholesky
Factored, ad hoc solution:

Find Factorof CTC + nD

Instead and Solving that Penalized
Regression Problem Originally Posed

Others use SVD truncation in
Combination with Regularization (Again
Not Problem Posed)
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Basic Sketch of Our Approach

(1) Factor C via QR (Done Only Once)
(2) Then Do SVD on Penalized Columns

(3) For Givena Find (Lower Dimensional) QR
and Exploit Banded Matrix Structure. Solve Original
Penalized Least Squares Problem with CHEAP QR

(4) Repeat (3) and Choose (Y \

S
Banded 'R _— <\/al )

Like Matrix
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QR and Least Squares

| (J&n)o- (1)

2 Efficient QR Treatment?

2

Exploit P-Spline Problem
Structure

Minimizing Vector

Equivalent to Solution of

Some In Statistics use OQR,

CTC +aD"D)p=C" - i
(C7C+aD D)FCTy but Combine Penalized

AT AB = AT (y*,0)" Regression with SVD
A C Truncation
- (ﬁD)
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PSQR (Factor Steps)

1. Obtain the QR decomposition of C' = QR.

s F ~py (BT Ru
2. Partition result above as: QR = (Q", Q") .

0 R3,
3. Obtain the SVD of RL, = USVT.

4. Form the following:
~ ~ I 0
_ (OF P _
Q_(Q 7Q U)av_(o VT)7

B RY, RV _ (Rn }?12
0 S o 0 R22 7

- () [6)]

0
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PSQR (Solution Steps)

~ ~ S
5. For each given o (and/or DY) form: D, = \/aD¥V and W, = (5 )

6. Obtain the QR decomposition W, = Q'R’.
P
7. Form ¢ = (R)~1(Q)" (bo ) |

X p—1(pF _ P
8. Solve B¢ = (Rll (b Ve ngc)) :
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PSQR (Efficiency)

SVT S R
(DP ) N (DPV) V= (Dlg%/) v

it D = diag(0,...,0,1,...1)
D¥ = diag(1,...1)
Then problem reduces to finding X minimizing
2 2
S (VPN |10 S (v
vav ] Lo )| Tl \o,v) \var)® o
2 LN 2
Orthogonal Matrix (lose to 'R
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PSOR and Givens Rotations
DY = diag(1,...1)

2 2
S B bP o I : 0 S B bP
vav )T Lo )| T\, v) \var)® Lo

2 . 5
Orthogonal Matrix Close to "R

Givens Rotations to Finalize QR

Applying Rotations to RHS Yields:
(VA)~1So”
Where R = vA
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2 Subtle Errors
Y ol
) \
1_ !
ﬂ_
e
-2 m—TrUE '.
---DR1=1x 107 Ll
-3- |---DRn=1x 107® I,;.-I’
——PSQR
_41:1 3 6 9 12 15
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PuDI Design Matrix (One Curve at a Time)

Chris Calderon, PASI, Lecture 3

Sparsity Pattern
of TPF Basis
QR Needed In
Step 1 (Before
Penalty Added)



TPF: Fiee and Penal_l__z_gd Blocks

/1 1 wzf <I€1 —$1)+ (KIK _371)4_ \
(PuDI _ 1z, xg,bl 3‘ (K1 :cm)_%. (kr — xm)ﬂ_l ‘
0 1...px% + (k1 —z)y  op(Rr — @)y

Last K Columns
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PuDI Design Matrix (Batches of Curves)

Sparsity
Pattern of
TPF Basis
QR Needed
In Step 1
(Before
Penalty
Added)

1000}
1500 |-
2000 -
2500 -
3000 -

3500 -

HAENNNNENNENN NN

40010

l l l l l l l I
200 400 200 Bo0 1000 1200 1400 1800
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o1 Screened Spectrum
---DRn=1x 107°
10t ---DRn=1x 107°
— PSQR
9.9: ___________________
g oesf T o
E 9.7r
. S
9.5F
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Simple Basis Readily Allows
For Useful Extensions

(e.g. Generalized Least Squares)
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Function of Interest (the “truth”)

‘

Noisy Point Estimates
(finite discrete time series sa111p|e uncertainty)
‘ ‘ ‘ “,L | | | |
2r ““‘ ) 2L
%\ A“‘ \
© 19 ] 1.5-
7]
D 1f = ZO 1 , E
G
7 o _—
~— 0.5 | 0.5,
; 1\ (/
% 1 1 | %525 2 15 v 0

o(Z2) 9o (Z)]

Spatial Derivative of Function of Interest
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Z (State Space)

Point Estimates Noise Distribution Depends on Window and
Function Estimated (Quantifying and Balancing These Can Be
Important); Especially for Resolving “Spiky” Features.

2/ * 2!
| \ 7 N
4= ZO PV A |
&
05" Z \ | 05/
1 05 0
Z)

2 15

o (

Spatial Derivative of Function of Interest
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